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ON THE INDEX OF MINIMAL HYPERSURFACES OF SPHERES
OSCAR M. PERDOMO
Abstract. Let M ⊂ Sn+1 ⊂ Rn+2 be a compact minimal hypersurface of the n-dimensional
Euclidean unit sphere. Let us denote by |A|2 the square of the norm of the second fundamental
form and J(f) = −∆f −nf − |A|2f the stability operator. It is known that the index (the number
of negative eigenvalues of J) is 1 when M is a totally geodesic sphere, and it is n + 3 when M is
a Clifford minimal hypersurface. It has been conjectured that for any other minimal hypersurface,
the index must be greater than n+3. One partial result for this conjecture states that if the index
is n+ 3 and M is not Clifford, then
∫
M
|A|2 < n|M | where |M | is the n dimensional volume of M .
Somehow this partial result states that if the index of M is n+ 3 then the average of the function
|A|2 needs to be small. In this note we prove that this average cannot be very small. We will
show that for any pair of positive numbers δ1 and δ2 with δ1 + δ2 = 1, if
∫
M
|A|2 ≤ δ2n|M | and
|A|2(x) ≤ 2nδ1 for all x ∈M , then the index of M is greater than n+ 3.
1. Introduction
The stability index of minimal hypersurfaces of spheres plays an important role in the understanding
of the whole theory of minimal hypersurfaces. An examaple that illustrates this fact is the proof of
the Willmore conjecture by Fernando C. Marques and André Neves [1]. They not only proved the
Willmore conjecture but also showed that the area of minimal surfaces on S3 jumps from 4pi, when
M is a minimal totally geodesic sphere, to 2pi2 when M is the Clifford torus. That is, they proved
that the area of any minimal surface that is neither totally geodesic nor Clifford must be greater
than 2pi2. One of many tools needed to show their result is the Theorem by Urbano [2] where he
shows that if the index of a minimal surface is 5, then this surfaces must be the Clifford torus. If
we use the same techniques in Urbano’s paper we obtain that if the index of an M ⊂ Sn+1 is n+3,
then
∫
M
|A|2 ≤ n|M | with equality only if M is a Clifford hypersurface, [3]. In this note we will
show that for any pair of positive numbers δ1 and δ2 with δ1 + δ2 = 1, if
∫
M
|A|2 ≤ nδ2|M | and
|A|2(x) ≤ 2nδ1 for all x ∈ M , then the index of M is greater than n + 3. An observation that is
related with the main result shown here is the one that, taking the coordinates of the Gauss map as
test functions, we can easy show that if M has antipodal symmetry and the first nonzero eigenvalue
of the Laplacian of M is n, then
∫
M
|A|2 ≥ n|M | with equality if and only if M is Clifford.
2. Proof of the main theorem
Let us assume that M ⊂ Sn+1 ⊂ Rn+2 is a compact minimal hypersurface of the n-dimensional
Euclidean unit sphere and let us denote by ν : M → Sn+1 a Gauss map. For any v ∈ Rn+2 let us
define by lv : M −→ R and fv : M −→ R the functions given by lv(x) = 〈x, v〉 and fv(x) = 〈ν(x), v〉.
A direct verification using the Codazzi equations gives us that
∆lv = −nlv, ∆fv = −|A|2fv,(2.1)
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and
∇lv(x) = vT = v − fv(x)ν(x)− lv(x)x, ∇fv(x) = −A(vT )(2.2)
Where Ax : TxM −→ TxM , given by Ax(w) = −Dwν denotes the shape operator.
We will be denoting by ρ : M −→ R the first eigenfunction of the operator J . We have that
J(ρ) = λ1ρ. It is known that if M is not a totally geodesic sphere, then λ1 ≤ −2n with equality
only if M is Clifford. See [5] and [4].
Lemma 2.1. Let M ⊂ Sn+1 ⊂ Rn+2 be a compact minimal oriented hypersurface of the n-
dimensional Euclidean unit sphere. If M is neither totally umbilical nor Clifford, then the vector
space
Γ = {aρ+ fw + lv : a ∈ R, w, v ∈ Rn+2}
has dimension 2n+ 5.
Proof. Let us argue by contradiction. If the dimension of Γ is smaller than 2n+5 then we can find
a,w, v with at least one of them not zero such that aρ+ fw + lv is the zero function. Let us prove
first that a has to be zero. If a is not zero then, taking the operator J we obtain that
aλ1ρ = J(aρ) = J(−lv − fw) = nfw + |A|2lv = |A|2lv + n(−aρ− lv)
From the equation above we obtain that
a(λ1 + n)ρ = (|A|2 − n)lv
which is a contradiction because the function ρ is never zero while the function lv must change sign.
To prove the case when a = 0 is similar. If lv + fw is the zero function then taking the laplacian we
obtain that −nlv = |A|2fw, therefore nfw = −nlv = |A|2fw. Therefore (n− |A|2)fv is zero. This is
a contradiction because we are assuming that M is not totally geodesic or Clifford.

Theorem 2.2. Let M ⊂ Sn+1 ⊂ Rn+2 be a compact minimal oriented hypersurface of the n-
dimensional Euclidean unit sphere. Let δ1 and δ2 be any pair of positive numbers such that δ1+δ2 =
1. If
∫
M
|A|2 ≤ δ2n|M | and |A|2(x) ≤ 2nδ1 for all x ∈ M , then the index of M is greater than
n+ 3.
Proof. For any orthonormal basis v1, . . . vn+2 of R
n+2 we have that
n+2∑
i=1
∫
M
(|A|2 − δ2n) f2vi =
∫
M
(|A|2 − δ2n) < 0
Therefore, we can pick a vector v0 such that
∫
M
(|A|2 − nδ2)f2v0 ≤ 0
Once we have chosen this vector v0, we define the n+ 4 dimensional space
Γ0 = {aρ+ lw + bfv0 : a, b ∈ R, w ∈ Rn+2 }
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We will prove the theorem by showing that for any f ∈ Γ0 we have that
∫
M
fJ(f) < 0. Let us
consider f = aρ+ lw + bfv0 ∈ Γ0. A direct computation shows that
∫
M
fJ(f) = a2λ1
∫
M
ρ2 −
∫
M
|A|2l2w − nb2
∫
M
f2v0 − 2b
∫
M
|A|2lwfv0 − 2a
∫
M
|A|2ρlw
< −2a2n
∫
M
ρ2 −
∫
M
|A|2l2w − nb2
∫
M
f2v0 − 2b
∫
M
|A|2lwfv0 − 2a
∫
M
|A|2ρlw
≤ a2
∫
M
ρ2(
|A|2
δ1
− 2n)−
∫
M
|A|2(a ρ√
δ1
+
√
δ1lw)
2 −
∫
M
|A|2(b fv0√
δ2
+
√
δ2lw)
2
+b2
∫
M
( |A|2
δ2
− n
)
f2v0
< 0

Let us finish this note by stating the following conjecture. In the same way we showed that the
space Γ is has dimension 2n+ 5 we can show that the space
Λ = {a+ fw + lv : a ∈ R, w, v ∈ Rn+2 }
has dimension 2n + 5 when M is neither totally umbilical nor Clifford. We conjecture that this
space contains a n+4 dimensional subspace where the bilinear form (f, g) −→ ∫
M
fJ(g) is negative
definite.
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